In the proof of his classical theorem on approximation by polynomials Weierstrass first constructs integral functions of the order two, to approximate to a continuous function uniformly over a finite interval. The more general problem : Which condition is necessary and sufficient for a function /(*) to be approximated by integral functions uniformly over (-°o, oo) ? was solved by T. CarlemanO),
and a slight refinement of his method gives the following interesting result:
(A) Given any positive increasing function pix) (0^*< °°)> there are integral functions gniz) iz = x+iy; « = 1, 2, • • • ) such that u.b. p(\ *| )|/(*) -g»(*) [-»0 as «-»«J,
-co<a:<oo provided only thatf(x) is continuous in (-co, oo) . The function /(*) need not be bounded. On the other hand, nothing can be stated about the nature of the gn(z). These functions may be integral functions of infinite order; take, for instance,/(*) =*1/2 exp (ex). To obtain functions of finite order, stronger conditions are to be imposed on/(*).
Let first/(*) be supposed to be bounded. By known results(2) the condition should be the weaker, the higher the order of gn(z) is, and the problem is answered by the following theorem (stated without proof) :
(B) When p is a positive integer and w^ -co then /(*) is approximated, uniformly in (co, oo), by functions ga(x)C.Gí¿) (0<a->oo) if, and only if, p(x) is uniformly continuous in (|cop| sgn w, oo), where Pix) =/(| ac1'*! sgn x) for *^w. This result is known for co = -°o, p = 1(2). The necessity of the condition is deduced from the following theorem (stated without proof) :
(C) If l/2gp<oo, ga(z)GG^ (0<a<oo), and if g"(*) is bounded in (0, oo) , then x1~pgá (*) is bounded in (I, oo), and so ga(*1/p) is uniformly continuous in (0, co). (2) H. Kober, Trans. Amer. Math. Soc. vol. 54 (1943) pp. 70-82, and vol. 56 (1944) pp. 7-31. References to these papers are indicated by F and G, respectively. See Theorems 2F and 3G, and, for the case p = l, a--=o, 3 (b)F. The set of integral functions F(z), such that, for any t>0 and for some a (0ga< »), | F(z)\ <Aeexp {(ct+e) |z|p}, is denoted by 6V>, and Ga is written forGl". Evidently G^QG™ when 0<<r<p. Notice that, for 0<p<X<ju< «°, the uniform continuity of f(xx) in (0, ») implies that of f(xp) in (0, °o), but that of f(x") on any finite interval only.
H. KOBER [March This can be considered as a generalization of Bernstein's theorem (see §2 of the present paper).
The condition in Theorem (B) can be shown to suffice even if/(*) is not bounded; and possibly this result holds whenever 1/2 ^p< oo, with w> -oo for 1/2 =p<l.
Now approximation
shall be considered by elements of Ga only. The function/(x) shall not be required to be bounded in the familiar sense; but, from the above remark to (A), it is evident that some restriction of a related kind is necessary. The cases when/(x) is represented asymptotically (as x->± oo) by linear functions or satisfies a Lipschitz condition or a condition of the Taylor type have been investigated(3).
In the present paper a much more general case is treated, and under that weaker condition the degree of approximation is considerably improved corresponding to (A) (see 3.11, 3.12, 4.12) . This justifies the basic definitions given in §1. To deal with necessary conditions, a basic property of integral functions of exponential type is deduced (Theorem 2). The results of §3 are extended to functions analytic in the half-plane in §4.
Non-negative integers will be denoted by j, I, m, », real numbers by A, k, positive numbers by A, B, H, K. We write n n.hf(x) = £ (-l)'+nCn,jf(x + jh); Ao.kf(x) = /(*). y=o 1. Basic definitions and lemmas. Elementary properties of functions, which are uniformly bounded or uniformly continuous of order w, will now be discussed.
1.1. Definitions.
(I) A function f(x) is said to be uniformly bounded of order n if (i) it is bounded in some interval (no matter how small), and if (ii) there are two numbers H and K such that, uniformly for -°°<x<«:>, |A","/(x)| ^K whenever -ZZ = A_ZZ. When « = 0 then f(x) is uniformly bounded in the familiar sense.
(I I) A function f(x) is said to be uniformly continuous of order n (« = 1) if (i) it satisfies the condition (i) of (I) and is (ii) measurable on any finite interval, and if (iii), given e > 0, there is a 8 = 8(e) > 0 such that, uniformly for -oo <x < oo, |A",a/(x)| ^6 whenever -ô = A = ô.
It is evident that, for « = 0 and » = 1, the condition (i) is omitted in definition (I); so are (i) and (ii) in (II) for « = 1. The property (II) of a function implies (I). The converse is, in general, not true; the function sin x2, for example, is uniformly bounded of any order, but there is no order of which it is uniformly continuous.
It is, however, true for the class Ga (see §2). Example (i). The function xr (arg x = 0 or arg x=7r for x>0 or x<0, respectively, «O^w + 1) is uniformly bounded and uniformly continuous of order « + 1, but not of any smaller order. Example (ii). f(x) =xT(x+a)~s; 5 = 0 or s<0, 0=>^w+s
This function is uniformly continuous of order » + 1, or of some smaller order.
Example (iii)./(x) =log £""0aj*'v)> ''j^O; £"=0a3xr'>íO for -oo <x< <». This function is uniformly continuous (of order one). Example (iv).f(x) =x sin |x1/2| is uniformly continuous of order two, but of no smaller order.
Example (v) . If/(*) is uniformly continuous of order » then the same is true for the function (cf. §3.2), belonging to Ga,
1.2. Some lemmas, and a theorem. Corollary. If f(x) is uniformly bounded of order n, then it is uniformly bounded of any higher order. The result holds for uniform continuity of order n (w = l).
These lemmas are evident. (1.34)
By definition,/(x) is bounded in some interval; we may, therefore, suppose that it is bounded in ( If w = 2 the proof is complete. If w>2 then 2« -2>w; by the corollary to Lemma 2, f(x) is uniformly bounded of order m = 2« -3. Now we make use of Lemma 7, and we deduce that |/(2"~8)(*)| ^A'". Repeating this procedure (« -3) times, we arrive at the result required |/(B)(*)| = A (-oo < x < oo).
The uniform continuity (order «) of f(x) is now easily deduced. 2.4. Proof of Theorem 2'. The result can be deduced from Theorem 2; but, as the referee pointed out to me, more directly from a known result, using Lemma 5(6). If/(z)GG0 and |/(x)| ^^4(l + |x|m), then/<"■>(*) ¡s constant in (-oo, oo) ; for the function g(z) =z~m(f(z) -2L?=oZ'f'(0)/j\) belongs to G0 and is bounded on the real axis (-oo<x<oo), and reduces, therefore^ to a constant.
3. Uniform approximation by integral functions of exponential type. In this section the main results will be proved.
3.1. Statement of the results. Corollary (v). Let /(*) =p(x)p(x) where p(z)Ç£Gc for some c>0 and \p(x)\ <A(l + \x\m) for some m^0, while (x+i)mp(x) is uniformly continuous of some order. Then, uniformly in (-oo, <n),f(x) can be approximated by elements ga(x) of Ga (c <a < oo ).
Example./(*) =*r sin x (0<r< oo); here p(z) =sin z£Ci, w = 0. Remark ta Theorem 3. If /(*) is merely supposed to be 0( | * | n) for *-> + co the condition is not necessary; take, for instance,/(*) =* sin *. Certainly it is necessary that (x+i)~"f(x) should be uniformly continuous of order one. This condition, however, is not sufficient; take, for instance, « = 2, /(*) =* sin *2, m =0.
Corollary (ii) is evident for the special case when m is fixed, the ga(z) depending on m. The general case is then deduced by the diagonal method, if we take m-* oo.
Under the hypothesis of Corollary (iii), we have by Corollary (i) u.b. {(l + |y|H/(y2) -ga(y)\ } -*0 as«-»oo.
-oo<y<oo
This holds when y is replaced by -y. Taking y2=x, 2-I{ga(y)+g"(-y)} =ya(x), we arrive at the result required. 3.2. Z"Ae necessity of the condition in Theorem 3, and its sufficiency in the case w = 0. By (3.11), any of the functions (x+i)mga(x) is uniformly bounded of order w. By Theorem 2, it is uniformly continuous of order w, so is, therefore,/(x).
Throughout this section and the following ones, we take now (sint/(2M)\2M *(t) = cm (-) , fixing the positive integer M large enough for the requirements of the proof concerned, and fixing cm so that f!"K(t)dt = 1. The function k(z) belongs to Gi. As/(x) is supposed to be uniformly continuous of order w, the function Aa,,(*) = J t'K(t)fj(x + t/a)dt; ha(x) = J ic(t)fm(x + t/a)dt;
Forjan the functions A",3(x) are bounded uniformly with respect to x and a, as fj(x) is bounded for j = w. Hence the last term in (3.42) tends to zero as a-*00, uniformly in -00 <x< 00 ; we denote it by Ra(x). When « = 1 there is no second term on the right in (3.42). Let now w_2. We form uniformly with respect to x and t, and with respect to a for 1 =a < oo. Hence Hj(x) is uniformly bounded with respect to x and a. Consequently the second term on the right in (3.44) tends to zero as a-»oo, uniformly with respect to x. Hence, taking JV-l Thus the sum in (3.48) tends to/(x) as a-»oo, uniformly with respect to x (see 3.22, and so on). This completes the proof. 4. The half-plane. The results of §3 will now be used to deal with func-
